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Experimental Data

r = PT (k)
PS (k) – Planck bound – V = m2φ2

PS(k) = kns−1 � BICEP2 2σ region – V = λφ4
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Classical scale invariance
From last year classical scale invariance is one of the hot topics in hep-ph...
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and many more . . . sorry for any missing references ¨̂
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Classical scale invariance

Following the standard Wilsonian prescription,

V = Vren +
∞∑
n=5

cn
φn

Mn−4
P

I Vren is the renormalisable part of inflaton potential

I MP ' 2.4× 1018 GeV is the reduced Planck mass

I cn are the Wilson coefficients of gravity-induced higher order operators.

Lyth bound (Phys. Rev. Lett. 78, 1861) ⇒ ∆φ/MP > 1⇒ V � (1016 GeV)4

⇓
V ∗ '

(
1.94× 1016GeV

)4
r∗/0.12 < Planck/BICEP2 data

apparent absence of the Planck scale induced operators ↔ classically scale-free
fundamental physics ⇒ all mass scales generated by quantum effects
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Dimensional transmutation

Tree level: Vφ =
1

4
λφφ

4 ⇒ Vmin
φ : 〈φ〉 = vφ = 0

RGE : βλφ =
dλφ
d lnµ

⇒ if: βλφ ∼ const. (at least in some region) and > 0

⇒
∫ λφ

λφ0

dλφ ' βλφ
∫ lnµ

lnµ0

d (lnµ)

⇒ λφ ' λφ0 + βλφ ln
µ

µ0

⇒ fixing λφ0 = 0

⇒ λφ ' βλφ ln
µ

µ0
→
{
λφ(µ > µ0) > 0
λφ(µ < µ0) < 0

One loop: VR,1loop '
1

4
βλφ ln

|φ|
φ0
φ4 ⇒ vφ ' φ0e

−1/4 (φ0 ↔ µ0)
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Coleman-Weinberg inflation

I Already the first papers on inflation considered CW inflation:
Linde, Phys. Lett. B108 (1982) 389-393, Phys. Lett. B114 (1982) 431; Albrecht and Steinhardt, Phys.

Rev. Lett. 48 (1982) 1220-1223; Ellis et al., Nucl. Phys. B221 (1983) 524, Phys. Lett. B120 (1983) 331.

I This idea has been (is being) extensively studied in the context of

• GUT:
Langbeine et al, Mod.Phys.Lett. A11 (1996) 631-646; Gonzalez-Diaz, Phys.Lett. B176 (1986)

29-32; Yokoyama, Phys.Rev. D59 (1999) 107303; Rehman et al., Phys.Rev. D78 (2008) 123516.

• U(1)B−L:
Barenboim et al., Phys.Lett. B730 (2014) 81-88; N. Okada and Q. Shafi, 1311.0921.

• SU(N):
Elizalde et al., 1408.1285.

I They all suppose new gauge groups beyond the SM: NO NEED FOR IT!

I It can occur just due to running of some scalar quartic coupling, to
negative values at some energy scale due to couplings to other scalar
fields, generating non-trivial physical potentials.
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Models proposed

A. QFT classical scale invariant, but not GR: MP , Λ by hand.

I Inflaton minimally coupled to gravity: ξ = 0,
JHEP 06 (2014) 154

B. QFT and GR classical scale invariant: MP induced by vφ
I Inflaton non-minimally coupled to gravity: ξ 6= 0

1408.xxxx
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Model A: MP by hand. Framework

Veff(φ) =
λφ
4
φ4 + Λ4

λφ = βλφ ln

∣∣∣∣ φφ0

∣∣∣∣
Veff(vφ) = 0⇒ Λ = φ0

4

√
βλφ
16e

Such a shape allows for two different, generic types of inflation:

i. Small-field (hilltop) inflation, when φ rolls forward down to vφ: •
ii. Large-field (chaotic) inflation, when φ rolls back down to vφ: •

Antonio Racioppi Inflation and classical scale invariance
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Recipe for studying inflation

S =

∫
d4x
√
−g
(
M2

P

2
R + Lφ

)
Lφ =

1

2
∂µφ∂

µφ− V (φ)

1. Calculate the field value at the end of inflation φe from

ε (φe) =
M2

P

2

(
V ′ (φe)

V (φe)

)2

= 1

2. Calculate φ∗, N e-folds before the end of inflation,

N =
1

MP

∫ φ∗

φe

dφ′√
2ε (φ′)
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Recipe for studying inflation

3. Calculate r and nS at N = [50, 60] by

r = 16ε (φ∗)

ns = 1− 6ε (φ∗) + 2η (φ∗)

where the second slow roll parameter η is given by:

η (φ∗) = M2
P
V ′′ (φ∗)

V (φ∗)

4. From the scalar amplitude measurement: A2
s = V (φ)

24π2M4
P
ε(φ∗)

≈ 2.45× 10−9

fix the overall normalization of V :

V (φ∗) '
(

1.94× 1016 GeV
)4 r

0.12
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Model A: MP by hand. Results

– Planck bound – V = m2φ2 � chaotic

� BICEP2 2σ region – V = λφ4 � hilltop

I hilltop case favoured

I vφ � MP ∼ V = m2φ2: V symmetric around the vφ and loss of
sensitivity to the initial conditions.

I r � 0.1 and ns < 0.945.↔ Barenboim et al., Phys.Lett. B730 (2014)⇒ ruled out by Planck data

because of “restrictive” assumption: vφ < MP → solved by S. Iso et al., 1408.2339
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Model A: MP by hand. Realization

Lmatter =
1

2
∂µφ∂

µφ+
1

2
∂µη∂

µη + LY − V

LY = Y ij
φ N̄

c
i Njφ+ Y ij

η N̄
c
i Njη

V =
λφ
4
φ4 +

λφη
4
η2φ2 +

λη
4
η4 + Λ4

I φ (inflaton) and η: two real singlet scalar field

I Ni : three heavy singlet right-handed neutrinos

I no explicit mass terms in the scalar potential V
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Model A: MP by hand. Realization

The one-loop inflaton effective potential: Veff = V + ∆V

∆V =
1

64π2

[
2∑

i=1

m4
i

(
ln

m2
i

µ2
− 3

2

)
− 2Tr

{
MNM

†
N

(
ln

MNM
†
N

µ2
− 3

2

)}]

I m2
i : eigenvalues of m2

φη =

(
3λφφ

2 + 1
2
λφηη

2 λφηφη
λφηφη 3ληη

2 + 1
2
λφηφ

2

)
I MN = Yφφ+ Yηη

I µ is the renormalisation scale
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Model A: MP by hand. Realization

I Inflation will take place in the direction η = 0, which is the minimal value
for the field η. We will see later that such an assumption is
self-consistent.

I We neglect:

a. higher order λφ contribution (since it must be extremely small)
b. the heavy neutrino contributions at one loop level.

I The RGE improved effective potential for the direction of φ reads

Veff =
λφ(µ)φ4

4
+

λ2
φη

256π2

(
ln
φ2λφη

2µ2
− 3

2

)
φ4 + Λ4
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Model A: MP by hand. Realization

I The beta function βλφ :

16π2βλφ = 18λ2
φ +

1

2
λ2
φη + 16λφTrY †φYφ − 64TrYφY

†
φYφY

†
φ

⇒ neglect: λφ, Yφ ⇒ βλφ '
λ2
φη

32π2

I λφ(µ) =
λ2
φη

64π2 ln µ2

µ2
0
→ Veff =

λ2
φη

256π2

(
ln µ2

µ2
0

+ ln
λφηφ

2

2µ2 − 3
2

)
φ4 + Λ4

I We can eliminate the µ dependence

Veff =
λ2
φη

256π2

[
ln

(
λφηφ

2

2µ2
0

)
− 3

2

]
φ4 + Λ4
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Model A: MP by hand. Realization

I After a simple reparametrization

Veff =
λ2
φη ln φ2

φ2
0

256π2
φ4 + Λ4

where φ0 =
√

2e3/2

λφη
µ0

I which is equivalent of

Veff =
λφ(µ)

4
φ4 + Λ4

λφ(µ) = βλφ ln

∣∣∣∣ µµ0

∣∣∣∣
βλφ =

λ2
φη

32π2

µ, µ0 → φ, φ0

Antonio Racioppi Inflation and classical scale invariance



Introduction
Model A. MP by hand

Model B: Induced MP and ξ
Conclusions

Framework
Results
Realization
Results II

Model A: MP by hand. Results II

I mφ ∼ 1013 GeV

I In the allowed region: λ(φ)∗ < 0.

� hilltop: 0 > λ(φ)∗ > −2× 10−14

� chaotic: 0 > λ(φ)∗ > −3× 10−16

I λφη . 10−5: small enough to be treated as a constant
⇒ βλφ ∝ λ

2
φη constant.

I For consistency, λη > 0, but otherwise can have any value.

I mη =
√

λφη
2

vφ ∼ 1017 GeV

• mη > V ∗ ∼ 1016 GeV, and mη � mφ

⇒ η is decoupled and is frozen at η = 0 during inflation.

• Lebedev and Westphal, Phys.Lett. B719 (2013) 415-418:

η = 0 is quickly achieved during inflation due to λφη ⇒ model is self-consistent.

I φ→ NN ⇔ mφ > 2mN ⇒ Yφ neglectable in RGE, TRH ∼ 107 GeV

Antonio Racioppi Inflation and classical scale invariance
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Model B: Induced MP and ξ. Framework

S =

∫
d4x
√
−g
[
f (φ)R + Lmatter

]
f (φ) =

ξφ
2
φ2

Lmatter =
1

2
∂µφ∂

µφ+
1

2
∂µη∂

µη + LY − V

LY = Y ij
φ N̄

c
i Njφ+ Y ij

η N̄
c
i Njη

V =
λφ
4
φ4 +

λφη
4
η2φ2 +

λη
4
η4

I Full classical scale invariance → MP dynamically

I The running of λφ allows vφ 6= 0 ⇒

⇒ f (φ)→ f (ϕ+ vφ) = ξφ (ϕ+ vφ)2 /2 ⇒ M2
P = ξφv

2
φ

I η = 0 during inflation

Antonio Racioppi Inflation and classical scale invariance
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From the Jordan frame to the Einstein frame

I Conformal transformation:

gµν → Ω(φ)2gµν

Ω(φ)2 =
2

M2
P

f (φ)

I The scalar potential in the Einstein frame is given by

U =
V (φ)

Ω(φ)4
=
λφ(φ)φ4

4Ω(φ)4

I Canonically normalised field χ

dχ

dφ
= MP

√
f (φ) + 3f (φ)′2

2f (φ)2

Antonio Racioppi Inflation and classical scale invariance
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Model B: Induced MP and ξ. Scalar potential U(φ)

I Since we live in the minimum with non-zero Planck scale: φ = ϕ+ vφ.

V (φ) = λφ(ϕ+ vφ) (ϕ+ vφ)4

f (φ) = 1
2
(ϕ+ vφ)2

⇒ U =
1

4
λφ(ϕ+ vφ)

M4
P

ξ2
φ

I Slow-roll parameters

ε =
M2

P

2

(
U ′

U

1

dχ/dφ

)2

η =
M2

P

U

d2U

dχ2
=

M2
P

U

[
U ′′
(
dχ

dφ

)
− U ′

(
dχ

dφ

)′]/(
dχ

dφ

)3

I bla blaN =
1√

2MP

∫ φ∗

φend

dφ√
ε

where dφ =
1

dχ/dφ

I now we can apply the recipe given before
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Model B: Induced MP and ξ. Scalar potential U(φ)

I full classical scale invariance → U(vφ) ∼ 0

I induce the minimum in U via a minimum in λφ(φ).

I Around the VEV, we can Taylor expand:

λφ(φ) = λφ(vφ) + λ′φ(vφ)(φ− vφ)+
1

2
λ′′φ(vφ)(φ− vφ)2 +O(φ3)

i. λφ(vφ) = 0 → ensure a small vacuum energy after inflation
(condition on the RGE of λφ)

ii. λ′φ(vφ) = 0 → minimum of λ ⇒ minimum of U
(condition on the RGE of λφη and Yφ: N contribution crucial!)

I Old concept: Multiple Point Criticality Principle. Used for predicting the
Higgs mass: C. D. Froggatt, H. B. Nielsen, Phys.Lett. B368 (1996)

I Same idea already applied for Higgs inflation: Haba et al. 1406.0158

Antonio Racioppi Inflation and classical scale invariance



Introduction
Model A. MP by hand

Model B: Induced MP and ξ
Conclusions

Framework
To the Einstein frame
Computations
Results

Model B: Induced MP and ξ. Shape of potential

S =

∫
d4x
√
−g
[
f (φ)R + Lmatter

]
f (φ) =

ξφ
2
φ2

Lmatter = same as before

I Such a shape allows for two different, generic types of inflation:

i. Small-field inflation, when φ rolls forward down to vφ: •
ii. Large-field (chaotic) inflation, when φ rolls back down to vφ: •
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Model B: Induced MP and ξ. Results

N ∈ [50, 60]

ξφ ∈ [0, 0.0115]

� Planck bound

� BICEP2 bound

– V = m2φ2

� large field

� small field

0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00
0.00

0.05
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Model B: Induced MP and ξ. Other results

In the allowed region:

I large field case favoured

I mφ ∼ 1013 GeV

I λφη ∼ 10−4

I ξφ ∼ 10−3

I mη ∼ MP GeV

I TRH ∼ 1012,13 GeV

0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00
0.00

0.05

0.10

0.15

0.20

0.25

0.30
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r
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I Classical scale invariance applied to inflation can bring interesting
and different results according to how you implement it.

I Model A: MP by hand

a. Found region in agreement with BICEP2 & Planck
b. small field case favoured
c. V for vφ →∞ ∼ m2φ2

I Model B: Induced MP and ξ

a. Found region in agreement with BICEP2 & Planck
b. large field case favoured
c. V for vφ →∞ ∼ m2φ2

I Wait for updated data
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Full Lagrangian

L = LSM +
1

2
∂µφ∂

µφ+
1

2
∂µη∂

µη + LY − V

LY = Y ij
N L̄i iσ2H

∗Nj + h.c.+ Y ij
φ N̄

c
i Njφ+ Y ij

η N̄
c
i Njη

V = Λ4 +
1

2
λhφ|H|2φ2 +

1

2
λhη|H|2η2 +

λφ
4
φ4 +

λφη
4
η2φ2 +

λη
4
η4,
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RGEs I

We derived the RGEs using the PyR@TE package:
F. Lyonnet et al., Comput.Phys.Commun. 185 (2014) 1130-1152.

16π2
βλh

= β
SM
λh

+
1

2
(λ2

hφ + λ
2
hη) + 2λh(TrY

†
N
YN + TrY∗N YT

N )− TrYNY
†
N
YNY

†
N

− TrYT
N Y∗N YT

N Y∗N

16π2
βλhφ

= 4λ2
hφ + λφηλhη + 6λhφ(2λh + λφ)− λhφ

(
3

2
g2 +

9

2
g′2

)
+ λhφ[TrY †e Ye

+ TrY∗e YT
e + 3TrY

†
d
Yd + 3TrY∗d YT

d + 3TrY †u Yu + 3TrY∗u YT
u + TrY∗N YT

N

+ TrY
†
N
YN + 8TrY

†
φ
Yφ]− 8TrYφY

†
N
YNY

†
φ
− 8TrYφY

†
φ
YT
N Y∗N − 8TrYNY

†
φ
YφY

†
N

− 8TrYT
N Y∗N YφY

†
φ
,

16π2
βλhη

= 4λ2
hη + ληηλhη + 6λhη(2λh + λη)− λhη

(
3

2
g2 +

9

2
g′2

)
+ λhη [TrY †e Ye

+ TrY∗e YT
e + 3TrY

†
d
Yd + 3TrY∗d YT

d + 3TrY †u Yu + 3TrY∗u YT
u + TrY∗N YT

N

+ TrY
†
N
YN + 8TrY †ηYη ]− 8TrYηY

†
N
YNY †η − 8TrYηY

†
ηY

T
N Y∗N − 8TrYNY †ηYηY

†
N

− 8TrYT
N Y∗N YηY

†
η ,
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RGEs II

16π2
βλφ

= 18λ2
φ +

1

2
λ

2
φη + 2λ2

hφ + 16λφTrY
†
φ
Yφ − 64TrYφY

†
φ
YφY

†
φ
,

16π2
βλη = 18λ2

η +
1

2
λ

2
φη + 2λ2

hη + 16ληTrY †ηYη − 64TrYηY
†
ηYηY

†
η ,

16π2
βλφη

= 4λ2
φη + 4λhηλhφ + 6λφλφη + 6ληλφη + 8λφηTrY †ηYη + 8λφηTrY

†
φ
Yφ

− 64TrYηY
†
ηYφY

†
φ
− 64TrYφY

†
ηYηY

†
φ
− 64TrYηY

†
φ
YφY

†
η − 64TrYφY

†
φ
YηY

†
η

− 64TrYφY
†
ηYφY

†
η − 64TrYηY

†
φ
YηY

†
φ
,
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RGEs III

16π2
βYN

= −
3

4
g2YN −

9

4
g′2YN +

3

2
Tr
(
Y †u Yu

)
YN + 2YNY

†
φ
Yφ +

3

2
YNY

†
N
YN

−
3

2
YeY
†
e YN +

1

2
Tr

(
Y †e Ye

)
YN +

3

2
Tr
(
Y
†
d
Yd

)
YN + 2YNY †ηYη +

3

2
Tr
(
Y∗d YT

d

)
YN

+
1

2
Tr
(
Y∗e YT

e

)
YN +

3

2
Tr
(
Y∗u YT

u

)
YN +

1

2
Tr
(
Y
†
N
YN

)
YN +

1

2
Tr

(
Y∗N YT

N

)
YN ,

16π2
βYφ

= 4Tr
(
Y
†
φ
Yφ

)
Yφ + 8YηY

†
φ
Yη + 2Tr

(
Y †ηYφ

)
Yη + 2Tr

(
Y
†
φ
Yη

)
Yη

+ YT
N Y∗N Yφ + 2YηY

†
ηYφ + YφY

†
N
YN + 12YφY

†
φ
Yφ + YφY

†
ηYη,

16π2
βYη = 4Tr

(
Y †ηYη

)
Yη + 8YφY

†
ηYφ + 2Tr

(
Y
†
φ
Yη

)
Yφ + 2Tr

(
Y †ηYφ

)
Yφ

+ YT
N Y∗N Yη + 2YφY

†
φ
Yη + YηY

†
N
YN + 12YηY

†
ηYη + YηY

†
φ
Yφ,

16π2
βYe = β

SM
Ye

+
1

2
(Y
†
N
YN + TrY∗N YT

N )Ye −
3

2
YNY

†
N
Ye ,

16π2
βYd

= β
SM
Yd

+
1

2
(Y
†
N
YN + TrY∗N YT

N )Yd ,

16π2
βYu = β

SM
Yu

+
1

2
(Y
†
N
YN + TrY∗N YT

N )Yu
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Model A: MP by hand. More Results

� BICEP2 & Planck 2σ region � chaotic � hilltop

I mφ ∼ 1013 GeV

I hilltop → λ(φ)∗ < 0. In the � region: 0 > λ(φ)∗ > −2× 10−14

I chaotic → usually λ(φ)∗ > 0, but in the � region:
0 > λ(φ)∗ > −3× 10−16
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Model A: MP by hand. More on λ(φ)∗ < 0

I N(φ∗) = 60

I V (φ0) = Λ4

I λφ ' βλφ ln φ
φ0
→
{
λφ(φ > φ0) > 0
λφ(φ < φ0) < 0
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Model A: MP by hand. More Results

� BICEP2 & Planck 2σ region � hilltop � chaotic

I λφη . 10−5

I λφη is small enough to be treated as a constant and so βλφ =
λ2
φη

32π2 .
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Model A: MP by hand. More Results

� BICEP2 & Planck
� 2σ region

� chaotic

� hilltop

I For consistency, λη > 0, but otherwise can have any value.

I mη =
√

λφη
2

vφ

I mη ∼ 1017 GeV, mη > V ∗ ∼ 1016 GeV, and mη � mφ

⇒ η is decoupled and is frozen at its minimum η = 0 during inflation.

I Lebedev and Westphal, Phys.Lett. B719 (2013) 415-418: η = 0 is quickly
achieved during inflation due to λφη ⇒ model is self-consistent.
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Model B: Induced MP and ξ. Simplify λφ(φ)

I λφ(φ) ' 1
2
λ′′φ(vφ)(φ− vφ)2

I The β-functions are logarithmic derivatives of couplings: βλi = µ dλi
dµ

.
Thus, using µ = φ

λ′′φ =
d

dµ

(
βλφ
µ

)
=

1

µ

dβλφ
dµ

−
βλφ
µ2

I βλφ(vφ) = µ
dλφ
dµ

(vφ) = 0

I λ′′φ(vφ) =
β′λφ

(vφ)

vφ
= · · · =

ξφλφη[12λη+(8−3
√

2)λφη−48(1+
√

2)y2
η]

512π4M2
P

I N.B. the numerator has to be positive
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Uφ around vφ
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mφ vs ξφ
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� small field � large field
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λφη vs ξφ
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mη vs ξφ
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TRH vs ξφ
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